A reconsideration of the question in the title is prompted by some relatively recent results for QCD from experiment, lattice, and theory.
We would like to split this last quantity into perturbative and nonperturbative contributions, so that ε = ε pert + ε nonpert . Then ε nonpert is closely related to the so-called gluon condensate, often written simply as αs π G 2 , a quantity that plays a fundamental role in the SVZ sum rule approach to QCD that was developed nearly thirty years ago [2] . In this context it is conventional [3] to introduce a scale µ as a boundary between hard and soft modes, so that only soft modes contribute to the condensate. Then the condensate is µ dependent, although this dependence is thought to be small.
Experimental hints
There have been extensive efforts to determine the gluon condensate experimentally, but to extrapolate these values to massless QCD one must account for the effect of nonvanishing current quark masses. When combined with the chiral symmetry breaking condensate these masses imply a contribution to the gluon condensate determined by a low energy theorem [4] ,
where b = 11 − 2 3 n f . This holds for small quark masses m f and if it is assumed to apply to the strange quark then we have the dominant contribution as [4] 
This is of the same sign as the contribution that is expected [2] The first five of these values are also discussed in a 2006 review [11] . Interestingly these results are very consistent with the value in (3), and thus offer no support for a nonvanishing gluon condensate in the chiral limit. Direct lattice studies of the gluon condensate are difficult due to the breaking of the spacetime and classical scale symmetries by the lattice regularization. This typically leads to large perturbative contributions that need to be carefully separated from the nonperturbative effects of interest. Also, lattice studies of quenched or pure glue theories are not very relevant to the question of vacuum energy in massless QCD. For example while instantons do not contribute to the vacuum energy in massless QCD, they do in the pure glue theory, or when quarks have Lagrangian level masses [12] .
We are aware of one determination of the gluon condensate from a lattice with light dynamical fermions [13] . The following results for the condensate are reported, where a is the lattice spacing and m q the quark mass. These results appear to be consistent with the condensate vanishing in the m q → 0 limit.
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Another lattice study [14] at odds with the standard picture is one of very heavy quarkonia based on NRQCD, where in the heavy quark limit one expects a gluon condensate to be quite decoupled from the heavy quark mass. Instead the inferred gluon condensate in this study decreases towards zero for decreasing quark mass, falling below the 'standard' value when the quark mass is still large (≈ 20 GeV).
We therefore conclude that there is a lack of experimental or lattice-based evidence for a nonvanishing gluon condensate in massless QCD.
Theoretical hints
Given this we may want to review our theoretical arguments in favor of a nonvanishing condensate. The basic argument is 'why not?'. What is there to prevent it? After all, the scale anomaly implies dimensional transmutation and thus a mass scale Λ QCD , which in turn sets the scale of the chiral symmetry breaking quark condensate. Shouldn't it also enter the gluon condensate? In addition the gluon condensate as conventionally defined is µ dependent, so it cannot identically vanish.
Our main interest is in the complete vacuum energy density ε = ε pert +ε nonpert . The perturbative contribution faces its own problems of definition; it is sensitive to the regulator used. We thus temporarily turn to a free massless theory, for which there is also an apparent infinite zero point energy. But we notice that if we consider the analog of (1) for a free theory we would conclude that the vacuum energy vanishes. In other words the combination of Lorentz invariance and scale invariance implies vanishing vacuum energy. Is there a regulator that can make sense of this? Yes; dimensional regularization gives T µν = 0 directly, due to the 'identity'
This is a statement of dimensional analysis and the lack of any mass scale. As discussed in [15] , other regulators, including cutoffs of the 3 or 4 dimensional variety, cannot be trusted for the calculation of T µν . Such regulators do not respect the scale invariance, and they end up violating Lorentz invariance by producing 0 = T µν ∝ / η µν .
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Given these observations for a free theory, we are thus led to apply dimensional regularization to the calculation of ε pert in massless QCD. A direct calculation involves the insertion of T 
Dimensional regularization extends the dimensional analysis argument for the vanishing of vacuum diagrams in massless theories to all orders in perturbation theory. This result is consistent with the scale anomaly, whose expectation value appears in (1) and whose perturbative existence is due to the ultraviolet behavior of loops. Basically the scale anomaly is an operator statement, and the renormalization of the G a µν G µν a operator cancels the d − 4 dependence in the classical relation. This is also clear in the background field calculation of the scale anomaly in dimensional regularization [17] ; the background field provides an external momentum which ensures a nonvanishing result. Thus dimensional regularization unites the explicit breaking of scale invariance with the vanishing of the perturbative vacuum energy in a massless theory.
Dimensional regularization, although not necessarily unique in this regard, has been emphasized before because of this property [16] .
If we quell any further qualms about the physical significance, or lack thereof, of regularization schemes we can proceed. The nonperturbative vacuum energy density ε nonpert is now well defined and unambiguous, since it constitutes the complete result. The true vacuum deviates significantly from the perturbative vacuum in the infrared, where the coupling is large and where the propagating degrees of freedom have completely changed. The resulting ε = ε nonpert = 1 4 T µ µ should be characterized by these energy scales and thus presumably is of order Λ 4 QCD . If this is the case then nonperturbative effects have translated the explicit breaking of scale invariance into vacuum energy.
But we can also entertain the notion that ε = 0. This vanishing of one number could be viewed as a remnant of the original classical scale invariance. Expressed as a property of the full generating functional it is δW/δλ| λ=1 = 0, where the variation is with respect to a global rescaling of the background spacetime metric, η µν → λη µν . Can this be consistent with the explicit breaking of scale invariance inherent in the operator statement T µ µ = 0? In this connection we consider a sufficient number of massless fermions so that the theory has a perturbative Banks-Zaks [18] fixed point. The theory flows from a free, scale-invariant theory in the ultraviolet to a weakly interacting, scale-invariant theory in the infrared. Since T µ µ = 0 in perturbation theory, it could be expected that this is the complete answer in this case. A nonperturbative contribution that is exponentially small is possible, but the instanton contribution of this type vanishes [12] . We may then have an example of a theory that contains explicit breaking of scale invariance and yet has vanishing vacuum energy.
As the number of fermions is reduced in the Banks-Zaks construction, the infrared fixed point moves to stronger coupling. At what point does T µ µ = 0? Eventually the coupling is sufficiently large for chiral symmetry breaking. The fermions decouple and the antiscreening nature of the gluons continues to push the gauge coupling arbitrarily large. This is the old picture of 'infrared slavery'. The implied singular behavior of the coupling at some scale Λ QCD reinforces the belief that T µ µ = 0. Indeed, the Landau pole and the associated 'infrared renormalons' have served as a primary argument for the existence of a gluon condensate [19, 3] .
At this point it is intriguing to note that the infrared slavery picture is now being seriously challenged [20] . A nontrivial infrared fixed point has been seen to emerge in the deep infrared behavior of the QCD Green's functions. The approach of the ghost-gluon, triple-gluon and quarticgluon couplings to constant values has been demonstrated in a nonperturbative study of SchwingerDyson equations and renormalization group methods. Note that the description at all scales is in terms of the original gluon, ghost and quark fields, even though they all have become unphysical degrees of freedom in the infrared (the quarks also decouple). In addition some aspects of the description are gauge dependent. Nevertheless there is physical information in this description that pertains to the mechanism of confinement, and there are quantities such as scaling exponents and coupling strengths that can be compared to lattice results. After taking into account substantial finite size effects on the lattice, the resulting agreement is impressive [20] .
The emerging new picture is that massless QCD flows from a free, scale-invariant theory in the ultraviolet to a strongly interacting, scale-invariant theory in the infrared. Λ QCD characterizes the cross-over region. The coupling strength is bounded from above by a value that it is nevertheless sufficient to cause chiral symmetry breaking. |β(α s )/α s | is also bounded from above, and the possibility that these bounds imply a vanishing vacuum energy remains open.
3 Why worry about it?
The question of vacuum energy in massless QCD is of more than academic interest. A vanishing vacuum energy, if true, would indeed have some interesting consequences.
1) It would breath new life into the idea of induced gravity [21, 16] . In this picture the metric of a Lorentzian manifold is treated as a background field for which an effective gravitational action is generated through the quantum effects of matter. We choose matter to be described by a theory of the massless QCD type with an adjustable Λ QCD . In particular the induced Newton's constant G is given by [16] 1
The perturbative contributions are quadratically divergent and thus vanish in massless QCD via dimensional regularization as before [16] . But for this quantity nonperturbative effects can be expected to make a contribution of order Λ 2 QCD , which can be adjusted to yield the correct 1/G. Concurrently a vanishing vacuum energy, T µ µ = 0, translates into the absence of a cosmological constant in the otherwise general gravitational action that results. And although this effective action explicitly breaks scale invariance, it vanishes for the g µν = η µν vacuum solution, and in this way it captures the invariance η µν → λη µν .
2) It would motivate the search for a complete theory of particle physics based on an asymptotically free massless theory of gauged fermions. This would most likely be a chiral gauge theory, and in a sequential breakdown it would have to generate the electroweak scale and above this a flavor scale, in addition to the Planck scale. All masses have a dynamical origin, with the small values of quark and lepton masses arising due to a ratio of dynamical mass scales. Along with the natural generation of large hierarchies and the inducement of gravitation, the additional intriguing possibility is a vanishing vacuum energy, related as we have described to the classical scale symmetry of the complete theory.
3) Effective field theory would still provide useful descriptions of particular physics on whatever energy scales of interest. These theories may well incorporate cutoffs and massive particles, thus hiding in particular the ultimate dynamical origin of quark and lepton masses. An appropriate cosmological constant may have to appear in any such effective theory to ensure that the total vacuum energy vanishes. But this is not an unnatural tuning, it is the result of a matching to the underlying theory.
4) The LHC may uncover a dynamical mechanism for electroweak symmetry breaking. Then the measurements of the gluon condensate of QCD will turn out to have been a foreshadowing of this discovery.
